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The Luttinger Model
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The thermodynamic correlation functions of the Luttinger model are
computed. The main tool is a precise bosonization formula for the fermion
field.
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1. INTRODUCTION

This paper is organized as follows. In Section 2 we review the history of the
Luttinger model. In Section 3 the model is described more precisely and the
derivation of thermodynamic correlation functions is given. The latter part
has been announced previously in Ref. 28.

Additional material is contained in several appendices. In Appendix A
we remind the reader of the relation between the massive, two-dimensional,
nonrelativistic and the massless, relativistic fermion field. Appendix B con-
tains a proof of the bosonization formula for the free, massless fermion
field. Technicalities pertinent to the derivation of the thermodynamic correla-
tion functions are contained in Appendix C. In Appendix D several examples
of correlation functions are discussed.

2. ON THE HISTORY OF THE LUTTINGER MODEL

The dynamics of the Luttinger model® is defined in terms of the
Hamiltonian

H= f dx % o (%) + j dxdy DV -y @)
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¥ is a two-component relativistic fermion field in one space and one time
dimension, L is the length of the periodic box, j, is the current of the fermion
field, and V is the interaction potential. If the length is infinite and the inter-
action strictly local, i.e., V(x) = 8(x), the Hamiltonian defines the Thirring
model. %1819 Of course, some care is required in order to make sense out
of all the quantities involved, such as composite fields, thermodynamic
limit, etc. In this section, however, we will not be concerned with such
questions.

The literature on the Luttinger model up to 1965 was discussed by
Lieb and Mattis.* The historical development up to 1964 of two-dimensional
models of quantum field theory, in particular of the Thirring model, is
reviewed in the Cargése lectures of Wightman.™ We will sketch this period
briefly and then mention some more recent work.

The original motivation for the study of the Thirring and Luttinger
models was to obtain information about interacting fermion systems. When
Tomonaga® in 1950 proposed his model for massive, nonrelativistic fermions
in one space dimension he made some assumptions to make his model more
manageable. Luttinger then proposed a Hamiltonian which already contains
those approximations from the beginning. The nature of the approximations
makes it clear that the spin degree of freedom in the Thirring model corre-
sponds in the Luttinger model to the direction of the momentum of the
fermions. For details on the relation of the Tomonaga model to the Luttinger
model we refer to Chapter 4 of the book by Lieb and Mattis™® (see also
Ref. 5). At that time it was expected that systems with many fermions would
exhibit bound states, collective modes or plasmons, in terms of which the
model could be described more easily. In fact this turned out to be correct
and provided the key to the solution of the Luttinger model and the solution
of the Thirring model as well.

The Luttinger model was solved by Lieb and Mattis.®® The solution
showed interesting structures, e.g., a nontrivial spectrum. Hence it attracted
much attention and proved to be an excellent laboratory for checking the
validity of approximations and testing new ideas. Thus it became clear that
perturbation theory does in general give a wrong answer, e.g., to the question
of whether there is a Fermi surface or not,® and that a random phase ap-
proximation gives good results for the correlation functions and the spectrum
but incorrect results for the momentum distribution function.” For field
theory the Thirring model was particularly useful because it permitted a
thorough analysis of operator product expansions.®®

Generalizations of the Luttinger model were being discussed soon after
Luttinger’s original article. In 1965 Mattis*® and Overhauser? introduced
an additional spin degree of freedom into the model. In field-theoretic
language this corresponds to an additional SU(2) isospin. For the rather
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special interaction considered by Mattis and Overhauser the model was still
soluble because it could be translated into two independent Luttinger models
and exhibits two types of collective modes, plasmons and magnons. The
former are related to density fluctuations, the latter to spin density fluctua-
tions. If all possible fermion interactions are included, the model cannot be
solved explicitly anymore since it is equivalent to an ordinary Luttinger
model and an independent Luttinger model with a mass term.“? If the
coupling parameters are chosen so that in the second Luttinger model the
current—current coupling vanishes, the model is again soluble. This was
pointed out by Emery and Luther in 1974.9® For general coupling constants
the spectrum can be discussed using WKB methods.*® An analysis of this
model, called the backward scattering model, has been carried through by
Heidenreich.*® In this work particular care was given to the charge struc-
ture of the fermions. In field theory the analogous model is the Thirring
model with SU(2) isospin. The slightly more general model with an SU(n),
n an integer, internal degree of freedom was used to analyze renormalization
group equations.*® Recently the Thirring model with an internal SU(2)
degree of freedom, respectively the Thirring model with mass, received much
attention because the fermions in this model can be put into correspondence
with the quantum soliton of a boson field theory where the fundamental
field is a solution of the Sine-Gordon equation.®®

The historical development leading to the solution of the Luttinger and
Thirring models was long and complicated.* '™ Three methods turned out
to be successful: In the first one—used by Johnson® in 1961 for the Thirring
model—Ward identities are used to compute the fermion »#-point function.
It was not clear, however, whether the n-point function so computed is
coming from a quantum field. The solution was therefore incomplete. In
1965 Lieb and Mattis® gave an operator solution of the Luttinger model.
They computed the free energy, the susceptibility, and the momentum dis-
tribution function at zero temperature. The key step in their method was to
notice that: (1) The Hamiltonian can effectively be replaced by a quadratic
expression in boson collective modes and charge operators; in their analysis
they rediscovered Kronig’s identity. (2) This identity expresses the free fermion
Hamiltonian H,F in terms of the boson Hamiltonian H,® and the charges
0* and Q~ of the fermions moving in the plus and the minus directions:

Ho™ = H® + (#[LX(Q+* + Q-%) 2.2

Since the interaction term in H is quadratic in the boson field too, the total
Hamiltonian can now be diagonalized by a Bogoliubov-Valatin transforma-
tion.

Kronig’s identity dates back to the neutrino theory of light "> and holds
as an operator identity.*® The mystery over this identity is possibly reduced
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by the remark that in any system of noninteracting, massless particles in
one space and one time dimension there are massless bound states.?®

In 1968 Johnson’s partial solution of the Thirring model was completed
by Klaiber."*® He constructed a quantum field giving rise to Johnson’s
n-point functions. His method differs from those already mentioned. He
starts from classical field theory and reinterprets the solution of the classical
field equation as a quantum field in Fock space of a free fermion field. The
model can also be solved by the methods of Lieb and Mattis.® However,
in the case of the Thirring model an ultraviolet renormalization is necessary.®®

The method of Lieb and Mattis was used to compute the zero-tempera-
ture, fermion two-point function,®*2* and Johnson’s method was used to
get the zero-temperature n-point functions for the Luttinger model.®®
Furthermore, the fermion two-point function for arbitrary temperature was
found by the same method.?

Finally, the method of Lieb and Mattis complemented by the boson—
fermion reciprocity formula, Eq. (B22) of Appendix B, was used to compute
the n-point function of the Luttinger model for arbitrary temperature. This
result was announced in Ref. 28 and its derivation will be the main subject
of the following section.

The boson-fermion relations give an explicit operator expression for
the fermion field in terms of the boson field (collective modes), charges
Q. and Q_, and charge shift operators U, and U_ (defined later). It has
been used in one form or another by many authors, in particular, by
Schotte,?® Lowenstein and Swieca,®® Dell’Antonio et al.,®® and Mandel-
stam,®? We will use the formulation given in Ref. 33,

The possibility of a (polar coordinate type) generalization of the boson—
fermion relation to higher dimensions has been noted repeatedly in talks by
one of us (D.A.U.) during the last few years. We give a formulation of this
idea at the end of Appendix B. This has independently been noted by A.
Luther.*

The boson—fermion relation clarifies not only the aforementioned rela-
tion of the Luttinger model to the Sine-Gordon model, but also its relation
to the classical Coulomb gas,@®

3. THE LUTTINGER MODEL AND ITS THERMODYNAMIC
n-POINT FUNCTIONS

The Luttinger model®® deals with the thermodynamics and statistical
mechanics of a self-interacting, one-dimensional Fermi system enclosed in
a periodic box of length 0 < L < oo. To set up this model, we assume as

* Winter Workshop les Houches (1978) and Nordita Preprint (1978).
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given an irreducible Fock system of particle (and hole) creation and annihila-
tion operators «,*(x) and «,(«) [and «,*(x) and «,(x)] acting on Fock space
& with vacuum . These operators thus satisfy the usual canonical anti-
commutation relations (CAR) together with

K2 =0 and Q=0 (3.1)

For technical reasons it is convenient to shift the basic momenta in the
discrete momentum spectrum K = (2#/L)Z by an amount =/L to obtain
K, = (n[L)Z,q5- Thus in all formulas involving the o,(x) and «,(x) the vari-
able « assumes its values in K;'.

The basic fixed-time Fermi field depending on the space coordinate x,
with its helicity components ¢, and ¢_, is defined as

Q/l*z Zo [7%e,(x) + €™ e *(x)] (3.2)

and is seen to satisfy the anticommutation relations
{e(x), b} =0
W0, g *(} = (1D) 3 erx=v
X

palx) =

(3.3)

In terms of the y-matrices for the metric with signature {4+, —)

0 1 0 1 -1 0
0 . 1 CB o a0l — .
Y (1 0)’ Y (_1 0)’ y? =7 (0 1) (34

the Fermi current and pseudocurrent are given by

with : : indicating Fermi normal ordering, while the corresponding charge
and pseudocharge are

[0) =J dx jo(x) and Q° =f dx jO5(x) (3.6)

In what follows it will be more convenient to employ the associated
“light-cone combinations”

Je =300 £ 7Y = Ny 3.7

0, = f dx j.(x) (3.9)
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Clearly, this means that
=i i == -
Q=0,+ 0 Q°=0.—-0-

A more concise notation as well as more calculational details of much
of the following are to be found in Appendices B and C, to which we refer
the interested reader.

If we introduce the Fourier decomposition of the current densities via

Jolx) = QL) D eé".(p) (3.10)

peKy,

39

then Q. = j.(0). A careful evaluation of the occurring infinite sums on the
domain 2, consisting of polynomials in the «,*(x) and «,*(x) applied to Q,
yields the basic commutation relations

/(). jo(=D)] = £(L[2m)P G.11)

with all other commutators vanishing.®®%
In particular, the charges @, commute with each other and all the
J+(p). We conclude from Eq. (3.11) that the combinations (for p > 0 in Kj)

c(xp) = iQ2n[Lp)**j .(+p)
c*(tp) = —i(2n[Lp)"%j.(F p)

are formally adjoint and satisfy the canonical commutation relations (CCR)
on 9

(3.12)

le(@) c*(@)] = 3,0 for g#0#¢ (3.13)

with all other commutators vanishing.

The nature of the representation of the CCR involved here was analyzed
in Ref. 22. It was shown that the commuting self-adjoint charges Q. both
have spectrum consisting of the integers Z. As the ¢(g) and ¢*(g’) commute
with Q. , each joint spectral subspace of Q,, indexed by the eigenvalues
n, € Z, reduces this canonical system. It was found that the corresponding
restrictions of the ¢(g) and ¢*(g") to each of these subspaces constituted
irreducible Fock systems of the CCR with vacua Q, .

A specific choice of Q,,_ ,. € # is exhibited in Eq. (B12) of Appendix B.
The presence of this representation of the CCR suggests the introduction of
the following Bose fluctuation field, which describes deviations from the
vacua Q,_ ,.:

p.(x) = D> Qn[L[p|)**[e? c(p) + e~ ®*c*(p)] (3.14)

+p>0
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From Eqgs. (3.12) and (3.14) we easily deduce that

p.(x) = ,Zo (& 2xi|Lk)e**f (k) (3.15)
J(x) = (/L)Q . F (1/2=)(d|dx)p .(x) (3.16)

The technical device that permits the complete calculation of the thermo-
dynamic correlation functions of the Luttinger model consists of a precise
formula, the “bosonization formula,” giving the field ¢, in terms of the field
¢ and the charge structure. This formula is derived in all detail in Appendix
B. Here we only present the outline of the argument and refer the reader to
that appendix for the full story.

According to formula (B18), these two fields are related by

(0, 9. = —ib. (e (x), 9. ()] (3.17)

where the second factor on the right side is scalar. On the other hand, since
the ¢, field lowers the Q. charge by one unit, we obtain an expression which
commutes with the charges by using U_.*J.(x) in formula (3.17) instead of
. (x). Here U, (resp. U_) is the unique unitary on % that commutes with
all the ¢, (x) and maps Q, ., to Q, ., i (tesp. , 1,,). We also let
U . * be the corresponding adjoints, which therefore raise the respective charge
by one unit. This modified equation (3.17) is to be compared with the easily
derived formula

[fe7+i(x), 9. (N)] = —ite™ =i (X)[pa(x), p.()] (3.18)

where : : indicates Bose normal ordering.

The irreducibility of the Bose Fock components of the ¢, in each charge
sector of & then allows one to conclude that U, *4 . (x) differs from :e*®«:(x)
by a function F.(x) depending only on the charge eigenvalues of each sector.
Its explicit form is exhibited in Eq. (B21), and Theorem 1 in Appendix B
gives the bosonization formula for the field . in the form

Pa(x) = UyF.(x)ie7+i(x) (3.19)
with an analogous expression valid for the adjoint field.

We next turn to the specification of the interaction for the Luttinger
model. Its Hamiltonian HF is formally given as

HF = J; dx 3p*i 0gh:(x) +J;) dxfo &y j, OV (x — »i*(y)  (3.20)
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The interaction potential ¥ will be restricted to satisfying the following condi-
tions, formulated in terms of its Fourier transform:

V(x) = (1[L) 3 e *x/)W, (3.21)

keKr

W,=W)*=W_, (reality and evenness) (3.22)

W, = 0; 1< W, <1 (3.23)
D IkWE < o (3.29)
k

Now the crucial ingredient for the bosonization of the Fermi Hamiltonian
HF is the bosonization of the kinetic energy part provided by the Kronig
identity (see Ref. 20):

L dx 3*i oap:(x) = (w[LNQ+* + Q-7) + ZO [plc*(p)e(p)  (3.25)
Using Egs. (3.15), (3.21), and (3.25) in Eq. (3.20) one easily derives the
identity

H™ = @L(Q.* + Q-7 + > H, (3.26)

p>0

where
H, = p[(c*(p)e(p) + c*(—p)e(—p))
= Wic*(p)e*(—p) + c(—p)e(p))] (3.27)

The assumptions (3.22) and (3.23) ensure that there is a unique real A, = A_,
with

W, = tanh(2A;) (3.28)
In terms of these A, we define the unitary operators

U, = exp{d,[c(p)e(—p) — c*(p)c*(—p)}} (3.29)

An easy calculation then shows that the Bogoliubov—Valatin transformation
generated by U, is

o) = o, ) (o) O

It will be useful to employ the abbreviations
hp+ = cosh )\p =[ + 11 - Wp2)—1/2]1/2

(3.31)
h,” =sinh A, = [} + (1 — W, 2)~12|Y2 gon W,
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Equation (3.30) together with the choice of Eq. (3.28) applied to the H, of
Eq. (3.27) shows that H, is diagonalized by this canonical transformation
to give

U,H,Up* = w,[c*(p)e(p) + e*(=p)e(—=p)] — (3.32)
where the “quasiparticle energies’ are
w, = |p| sech(2},) = [p|(1 — W, )2 (3.33)
while the “energy shift” is
M = |p| —wp, = |p|lll = (1 = W, >0 (3.34)

Due to the assumption (3.24), » = > .. ¢ 7, converges to a finite, nonnegative
value and

v=11]0, (3.35)
p>0
converges (strongly) to a unitary operator on %, which diagonalizes the
Luttinger Hamiltonian HF to give

H = UH"U* = (@|L)(Q.> + Q.2 + D w,c*(p)e(p) — n (3.36)
p#0
We now introduce new space- and time-dependent Fermi and Bose fields by
setting

W (¢, x) = U (x)U*e ¢ (3.37)
D _{t, x) = &FUp  (x)U*e (3.38)

Since W .(¢, x) is the U transform of the interacting Luttinger field
exp((H )} . (x) exp(—iHTt), it will give the same thermodynamic correla-
tion functions as this latter field. The explicit representation of @, in terms of
the c(g) and c*(g) operators is provided by Eq. (C3) of Appendix C.

Applying the €U transformation to the bosonization formula (3.19),
we find that

Y.o(t,x) = U, F.(x T t)ie *®i{t, x)e" 4 (3.39)
where the factor e~ results from boson Wick ordering and the constant
A=@L) D (w5 —p7Y) (3.40)
p>0

is finite because of assumption (3.24).
In terms of these new Fermi fields the quantities of interest are the
vacuum expectation values

<Q, T.o(t, x)> 3.41)
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and the thermodynamic correlation functions
Kt X)) = Trgle 7.2(t, X))/ Tre e (3.42)

where ¥.°(t, x) stands for an arbitrary product of finitely many ¥, (z;, x,)
and ¥, *(¢,, x;) factors.

In other words, as explained at the beginning of Appendix B and Egs.
(C6)-(C8), if n is a nonnegative integer and #; and x; for i < j < n are real
numbers, o; and 7, are elements of S = {+, —} = {+1, —1}, then

Yot x) = H ¥, x)  [Eq.(C7)]

with
lF;Jv(tf’ xf) =¥, (¢, x) if T =

4

Wy, x) = V. ¥, x)) if 7=+

It follows from the charge structure of the expressions (3.41) and (3.42) that
they vanish identically unless the number of ¥, (resp. ¥'_) factors in ¥'.°
equals the number of ¥, * (resp. ¥'_*) factors. This happens precisely if
>;0;, =0 and >, 0;r; = 0. Accordingly, we shall assume from now on,
without explicit mention, that these conditions are satisfied for ¥.°.

As shown in Appendix C, the relevant Bose expression for the calculation
is [see Eq. (C8)]

1,n
(D‘l‘c(ta x) = Z ajq)‘tj(tf9 xf)
E)

= > [eallt, M)e(Q) + €52(t, X)c*(@)]

a#0
with

1/211:

“olt; X) = (L[q[) 2,: o {exp[— i(wqt; — qx;)IHhE*en

The charge structure under the above assumption on ¥.° is reflected in
[Eq. (C10)]

0.5(t, x) = (2n/L) 2”(” — %)0y,

and

1i.,n

I—IUU’_‘ | P

i
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In terms of this notation the bosonization formula implies that [Eq. (C14)]
Fo(t, x) = <Q, ¥eo(t, x)Q) exp(iQ-°)(t, X) iexp(i0-°):(t, x)
and [Eq. (C15)]
log<Q, ¥.°(t,x) Q>

1,n

Z [if(tj — 7,%;) — logL — A]

i

I

1,n
2
+ 040, l:”m'j uy,+ T i— 3 (t; — ;) 81;,% - Az,,nc(tj Iy, X xk):l

i<k
with 4, . given by Eq. (C12).
Thus, in view of Egs. (3.26) and (C14) we find
Trzle A9 o(t, x)]e~#"
= <Q, Vo (t, x)Q)

X TrQ*{exp[—ﬁ%(Qﬁ" + Q_2)] exp[iQ.°(t, X)]}

x TrB{exp[— B> wqc*(q)c(q)] texp(iD.°) (¢, x)}
a#0

where the charge trace and the Bose sector trace can be computed explicitly

in terms of Jacobian theta functions and the confluent hypergeometric func-

tion, respectively, as shown in Egs. (C16)-(C23). The special case V. = 1#

gives the expression (C24) for Trgz e~ ##, which after division according to

Eq. (3.42) yields the final result:

logd(F+o(t, x)>) — logdQ, ¥ao(t, )2
0 (_)n e—ﬂ(nlL)n
n 1 — e—B(Zn/L)n

i in? [n——” . aix; — t,-)] + sinz[ z z oix; + t,)]}

1= -

t~

_ Zo 1_%%;%_% le2(t, X)2  [Bq. (C27)]

APPENDIX A. ON THE RELEVANCE OF TWO-DIMENSIONAL
RELATIVISTIC FERMION FIELDS FOR SOLID
STATE PHYSICS

In the following we consider a box of length 0 < L < co. We prove that
the Hamiltonian Hy($) of a free, nonrelativistic fermion field ¢ with mass
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m > 0 and spin S is approximated by the Hamiltonian Hy(6) of a free,
relativistic fermion field ¢ with mass m = 0, spin %, and isospin S.

Definition 1. (¢, x) can be written as

$(t, x) = (VL) Y e” " ~*ak, 5) (A1)

with w, = k?/2m.

Remark 2. (a) Without further notice it will be assumed that the
fermionic momenta take their values in K;' = (w/L)Z44.

(b) The operators a(k, s) obey the CAR.

(c) ¢ and Hy(d) = 2 s wra*(k, s)alk, s) are operators on Fock space F
with vacuum Q(a).

(d) From now on we suppress all spinor indices.

Definition 3. (¢, x) can be represented as
$(t, ) = (VL) 3, lexp(—ikx)a(k) (A2)
k
with kx = |k|t — kx.
Remark 4. (a) The operators

a(k) = (“‘(k))

a,(k)

obey the CAR, where all isospin indices have been omitted.
(b) ¢ and

Ho) = 3 3 rha(ak)

are operators on the Fock space F @ F with vacuum Q(a_) ® Q(a.).

Definition 5. To construct a unitary transformation from a sub-
space of F to a subspace of F @ F we define the following projection opera-
tors: On F

Ha:Zﬂ@ (A3
with
Pfe) = .k_mzﬂ _ @ (al)
OnFQF

00 =3 0.9 (Ad)
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with

Qt(e) = | z ar*(k)ar(k)

kl<e

where re{+, -}, ke K, and kye K} = (2n/L)Z denotes the Fermi
momentum.

|
&
-

ke

¢ ﬁ } . ﬂ ) 27 a
{ ! ) z
A (I) 7 u LZ a_
¢ i Y T
Ay (l) 7 LZ a+

Obviously the following statement holds:
Lemma 6. For ¢ > 0 sufficiently small, the operator J, defined by
J: Q@)= Qa.) ® Qa,)
J: a(tky + k) > a(k) = Ja(zky + k)J 71
generates an isomorphism from
Pe)F - Q(e)F ® F
Remark 7. In the following we identify both subspaces.

Theorem 8. Let

H($, ) = > P)Ho$)Pi(e)

=> > wwa*kak) (AS)

T lk—tkrl<e

and

H($, ¢) = D> QUHo$) Qe)

=2 > thkar*(kadk) (A6)

T lkl<e
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be the restrictions of Hy(¢) and H(i) to the subspaces P(e)F and Q(e)F ® F,
respectively; then

H($,9 = Hep 9 + 52 09 + R (A7)
with
71 < (5) 35 ¢ (A8)
Proof.
H@a=zmq@%§ﬂﬁw+mm@+mg
ke, | ke | K\ .
= Z vy (T;'l- k + % + %)az (k)al(k)
H$,9 = hig, 9+ 5 00 + &
with

IRl< 3 o< () ime W

|kl <e

Definition 9. Since one is interested in states Q(c) that are small
deviations from the Fermi sea,

a(k)Qc) =0  for k¢ Se

(A9)
a*(k)Q(c) = 0 for ke Sy
we define as usual new operators c(k),
_ [atk) for k¢ Sy
ctk) = {a*(—k) for keSy (A10)

and the new vacuum Q(c), c(k)Q(c) = 0. The set Sy denotes the Fermi
sphere (— kg, ky).

Lemma 10. We define the particle [resp. hole] destruction operators
b, (k) [resp. b_(k)] in the Dirac formalism as

b + (k) = Ogign lc(k)a b_ (k) = Gsign k( - k) (Al 1)
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with the vacua Q(b,); b(k)Q(b,) = 0 and 7 e{+, —}. Then the foliowing

diagram is commutative:

T
t ~ {)a-)

=3 } =t=3+ Q)
\_’/
nonrelativistic relativistic
particle-hole particle-hole
|, transformation

transformation

T
ey S S———— ()]
—kg 0 ka_; 7 T————eee N 01( 1))
—

The simple proof will be omitted.
Corollary 11. Let Hy($, €), Hy(, ), O(e), R(e), Z(x),and C(kz, €) be
defined as
Hib =2 >  wll = 2x(®)]lc*k)e(k)

1 |lkp+ik]l <€

A, )= > mz |Ke|b*()b.(k)

0(e) = >, IMZ b *(k)bi(k)
(A12)

Ro=3 > rub*kbik)
T |kl<e
Z(x) = ZL—”% [2(% x)2 + 1]
Clke, &) = Z(ky — €) — Z(ks) + 2%5%(52 — 3kpe + 3ks?)

where the characteristic function yg(k) is one for k € Sy and zero otherwise.

Then

A9 =2 f,,9 + 5 00 + R + Clhr 9 (A1Y)

holds.
The proof is a direct consequence of Theorem 8.
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APPENDIX B. BOSE-FERMI RECIPROCITY

In order to enhance the calculational efficiency in what follows, we will
use the cyclic group of order two S = Z/2Z to label various dichotomic
choices. Thus, depending on the context of its use, the identity element of §
will label a particle, a creation operator, a “negative” helicity component,
a field moving to the “right”” (with respect to an arbitrary but fixed choice
of what “negative” and “right” is). Correspondingly, the nontrivial element
of S will label a hole, an annihilation operator, a “positive” helicity com-
ponent, a field moving to the “left.”” We also adopt the convention that,
when a (nonvanishing) real variable occurs in the place of an S variable,
the sign of the real variable is to be understood, with a positive sign corre-
sponding to the identity of S.

For the fermion creation and annihilation operators this convention
means that we write

ey Vya, e e T for o ap, oF,
The irreducible Fock nature of this system is therefore expressed by
{07(k), e ()} = 85, 810 B (B1)
o, (k)2 =0 (B2)

2 is dense in Z, where 2 is the linear span of the monomials

Ij o () (B3)

The definition of the time-dependent, free Fermi field corresponding to
Eq. (3.2) can be rewritten as

¢_(v->) _ ! (0(—K) (<) )(eﬂm-“ﬂﬂ @~ () ) (B4)
(¢+(v+) VL& ) (=) \ewErED o+ (k)
where, for re{£} = S, v" = x — 7t and 0(x) = 1[1 + sign(x)].

In terms of ,~ = 4, and ¢, * = . * this equation and its adjoint can be

condensed to read
b207) = 2= 3 e ool ®9)
The CAR relations of Eq. (B1) imply that

{7, P2 (")} = &, -0 8o % Z explin(@® — v™)] (B6)
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The representation of Eq. (3.8) of the charges and that of the Fourier
components of the currents Eq. (3.10) take the form (on the domain 2)

0, = Z (| ADex (7] A]): (B7)
A
P = > @Al p#0 (B8)
u—A=1p
A careful evaluation on £ leads to the commutation relations
L), joA(p)] = (L{2m)7p 8, 1 85— (B9

From this equation it follows immediately that the operators ¢(p) and c*(p)
defined (on Z) by

c¢’(p) = —ioQ2n[L|p[)"*j(—op); p#0 (B10)
actually satisfy the CCR relations
[P, (PN = 0" 85, 85 P #OFP (B11)

For later reference we write down the Bose vacuum state for the (n_, n.)
charge sector of #

Qu_ ny = I at_(k_) I et (k)Q (B12)
~(2n/D)n.|<k_. <0 @rilnil>K 4 >0
where the ordering in each product is chosen such that the absolute values
of «, and «_ decrease from left to right.
Turning now to the Bose field, we see that the definition of Eq. (3.14)
amounts to

PH0) = 3 QefLpyiesvep) ®1)
@ (0%) = ZO Q@n[L| p|)2e~ " c?(r| p|) (B14)
PE
Defining
Bo(®) = —2r 5, > SlCr/L)E]
=Tsm,(3Lfg_w) if 0<é<L (B15)

it follows from Eq. (B14) that

[p:0), @e(vV™)] = —i A (v — 0™ (B16)
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If U’ denotes the unique unitary operator on & that maps each Q, ,, to
Qu_ 46, 0,1, +38, .0 and furthermore commutes with all ¢.*, then (U,°)* =
U;° and we find

U1UQ1' = (Qr’ - 0C 81,1’)UIG (B17)
Lemma 1. The fields 4.° and ¢,. are related by the formula
[7(67), ()] = iop?(W)pv?), (V)] (B18)

Praof. A straightforward but tedious calculation involving Eqs. (BS)
and (B10) yields that for p’ > 0

[e§™(7]A]), ¢ (7'P")] = iQ@m/Lp')200" §, ;. «§ALIE( oA + o'p'])

(B19)
According to Eqs. (B5) and (B14), this implies
[ ("), ‘Pt’(vlt’)]
3 3, yrew-ion(z)
= _CX iAa7U*
A p’>0 '\/ P
x [CXP("W 7P V)N [A]), ¢ (7'p)]
1
= i+5500 8,
pZO Z L3/2
x {explie’wp’'(v* — v'")] exp(—ia‘ncv’)}ag’c(ﬂxl)
f G (45T 4 2_77 id' +n' (1t — p'v
= oy (U)pzoa B.v Ly explic'mp' (" — ") (B20)

where in the resummation we have set « = A + ad’p’.

This result in turn implies Eq. (B18) in view of Eqs. (B15) and (B16).
QED

In the following we will make use of the function
Fe(h) = \}_( )%+ 9- exp[—zar— v (Q, )] (B21)

which is scalar in each charge sector of Z
The relationship between the .7 and ¢, fields is made explicit by the
following (free field) bosonization formula:

Theorem A.
P27 = USF2 (7)€% (v) (B22)
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Proof. For scalar [A4, B] the identity [e, B] = e4[4, B] is valid.
Accordingly, we deduce that
[1€'9:: (), po(v'™)]
= [ ()% (@), 9]
= [ ), 9o () + € 07 (), ()]
= io: e (0°)[pu(v7), (V)]

Since

teloesi -1 (eirw:' eiaw;) 1 = gmioe  p—icet

this result implies the relation
[(Ge%0:) "), @] = —io(e%:) 1) [0, 9o (v™)]
which in conjunction with Lemma 1 of this Appendix shows that the function
FA@) = Ur o)) w)

commutes with ¢.(v'"). Since, by construction, F,°(+*) maps each charge
sector of & into itself, the irreducibility of the ¢ fields in each charge sec-
tor®® shows that it depends on the charge only. Its value on the (n_, n,)
charge sector is hence given by

Qs FEO)Q_ 0>
= <Uzogn_,n+ 3 ¢1a(v1)Qn_,n+>
= > VD "y _ 40, _ny soim, o » SR, 1
A

= (1/\/2:)( — )%, + g~ 10T2AILNTR + 0/2)

where we have used the detailed form (B12) of the Bose vacua Q, . . Since
the operator form of this last expression is incorporated in Eq. (B21), we
have thus deduced Eq. (B22). QED

The bosonization formula (B22) can be generalized to more than two
space-time dimensions. The method used is a straightforward reduction to the
two-dimensional case and will be explained for the case of four space-time
dimensions.

We start from a two-component fermion field i that is a solution of
the Weyl equation and describes a particle with positive and an antiparticle
with negative helicity,

P(x) = (1/L)** Z {lexp(ikx)}p(k)e,(k) + [exp(— ikx)]p(k)ey,*(k)}
(B23)
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The sum runs over k’s in (K;")3. The spinor p depends only on the direction
of the momentum k = ke, e = (sin & cos ¢, sin & sin ¢, cos 3); a possible
choice is
—ipf2 92
0 - (0o o) 20
explip/2)  sin($/2)
We reorder the summation in (B23) as follows:

$(x) = (1LY 3 p(e) Z ({explik(ex)]}e,(e, k)

+ {exp[—ik(ex)]}o, *(e, k)) (B25)

The first sum runs over a discrete set on the 3-sphere and the second one over
the positive elements in Kj,, where L(e) = L cos ¢ is the volume cutoff
of the fermion field ¢ . (e, ) in two space-time dimensions defined by

P.(e, ) = (VL) Z (€*¥e,(e, k) + e "o, *(e, k)) (B26)

Clearly the fermion field ¢ is now a sum over the family of two-dimensional
fermion fields with a spinorial weight factor,

000 = 7.5 (52) " o e ) (B27)

The ¢ (e, y) anticommute for different values of e. They can be rewritten
in terms of boson operators due to formula (B22); this leads to

46,0 = 7.3 (52) 00U @F e, ~ @xiee et - o)
, (B29)

@, denotes the scalar potential of the current belonging to the corresponding
two-dimensional fermion field.

For computations it might be more convenient to scale the fermion fields
. (e, ¥) so as to have a cutoff parameter independent of e.

Finally, Kronig’s identity generalizes to the higher dimensional case as

H* ) = > | HP(9(e) + 7= 0.%) (B29)
. J205)

APPENDIX C. INTERACTING FIELDS AND STATISTICAL
AVERAGES

The interacting Bose and Fermi Heisenberg fields of the Luttinger model
are defined as

DM, X) = e UpH(x)Uke 1t (C1)
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and
V.ot x) = UV (x)Uke~Ht (C2)
With the aid of Egs. (3.30) we deduce that

Ortx) = > (—Lzl—’;—,)”z{exp[xsgnq-qu — prlgl D hci(urg)  (C3)

q#0

Conjugating the bosonization formula (B22) with €U, we obtain the
modified (interacting field) bosonization formula

Wot, x) = e AU Fo(t, x)ie9%:(2, x) (C4)
where ®, = >, ®* and
27T ke
= +d - = - -2 = _ —— =
A=@or0 0= 3 Ea -3 (1) ©9

This last term results from the Bose normal ordering of the ® terms and is
finite by the assumption of Eq. (3.24) on the interaction.

To facilitate the writing of formulas in the computation of the thermo-
dynamic correlation functions, we introduce the following notation. For any
natural number n, if o;, 7;, t;, and x; are given for 1 < j < n, we define

» ={j/n = +} (Ce)
i,n
Yot x) = H Wiz, x;) (C7)
1,n
ot x) = Z o, @, (4, x;) = €ga(t, X)c*(q) (C8)
) u,g+0
27 \12 L )
eu:(t’ X) — (_____) g (@gt; —axp i (CQ)
q qu[ - ¥ q
2
0:e(t, x) = > oyt — %), (C10)
j

In order to deduce a manageable form of the bosonization formula for ¥.*
we compute with the aid of Eq. (B17) that

([Tez)” H [U2ES(,, 5]
—H\/—( )“exp[ 2LM] (Ql, ]inS o )] (C11)

where E = 8, . (Q. + 247" 8, _.0). In terms of

AI,I’(t9 X) = z

—z(wqt-qx)hmhz'q Ci2
& qul q *q ( )
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the Bose normal ordering yields the formula

n

I_I Eexp(i("j (DTJ‘) (zj » xf)

j=1
i,n
= exp[— Z 0,014, ., (t; — i, X; — xk)] texp(i®.°):(t,x) (C13)
i<k
Due to the fact that H has a purely Bose expression, the vacuum expecta-
tion value and thermodynamic average of ¥.°(t, x) will be nonvanishing
only if, for each = value, the number of ¥,* terms equals the number of
W.~ terms in this product. This happens precisely if
[1vs - idr
j
In the following we will assume that the o, and 7, have been chosen to satisfy

these conditions. In particular, this implies that J, has an even number of
elements and hence that

[T(-)e0- = (=)o = 1
j=1
Using Egs. (C11) and (C13), we find that

Yot x) = Q, Peo(t, x)Q) exp(i@-°)(t, x)iexp(i®.2)i(t,x) (Cl4)
and
log(Q, W.2(t, )2

1.,n

. 1
= Z [IE(I,— TiX;) — ElogL - A]

1,n
+ Gjok[iﬂaj 81],4- ST,C,— + izll—‘n- (tJ - zjj) S’Ej,’rk
i<k
~ Aty = b3y = ) (c15)

If 8 > 0 is the inverse temperature the thermodynamic correlation functions
involve the traces (in terms of obvious notation for the + charges)

Tra{lexp(—BH)IY.(t, x)}
= [exp(BnKQ, ¥.o(t, x)Q>

x Tr.|exp( =B 0.%) exp(iQ. )t 0|
x Tr_ [exp(—ﬁ;:j Q_2) exp(iQ _°)(t, x)]

X TrB{exp [ —-B Z w,ct(g)e” (q)] texp(i®.9):(t, x)} (C16)

q#0
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The charge traces Tr, are easily evaluated in terms of the third Jacobian
theta function [see formula (16.27.3) of Ref. 35]

Oz, q) =1 +2 > q"cos2nz); g < 1 (C17)
n=1

to give

Tri{exp(—ﬁ% Qiz) expliQ.°(t, X)]}
= z exp(——ﬁ%nﬁ) exp[i

ni€f

2
Z Ui'g(tj + xf)n:l:}

jeT ¢
= dq (% ]Z olt; T x;), exp(—,e %)) (C18)

On the other hand, due to Eq. (C8) the Bose trace is found to be an infinite
product

Trfexo] 6 3 we@e-@)|rexptive)ice v}

a0

= ] ] Tra{expl—Bu.c*(g)c™(g)] expliei7(t, X)c*(9)]

g#0
x explie;.o(t, x)e ()]} (C19)
Noting that e* = (}.9)*, a typical factor in (C19) is evaluated as follows
Tr(e-ﬂwc+c“eie+c +eie‘c-)

= Z (n!)—le——ﬁam<c+nQ, eie+c+eis‘c-c+ng>

nz0

Z (a)"le=fon(ct — e )"Q, (¢t + ie”)"Q)

nz0

0.,n

Z (nt)~Lle—pom (?ll) (;In)(__ ie™Y(ie™)™(c+*@=DQ, c+®=mQ>

nz0m,l

z ( ) (l + m)' e~B(l+m)ml€+‘2m

= I'm! m!

A%
o
3

i

e P R+ 1515 —e52)et]?)

~
v
(=

where [see formula (6.1.1) of Ref. 35]

Fi(a; b;2) = z (")“Z" (C20)
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with (@), =a-(@a+ 1)---(a+ n— 1) is the confluent hypergeometric
function or Kummer function.
According to formula (6.4.3) of Ref. 35,

Fia;c;z22) = 279 Z (")" (Z ) Fia+mne;Z)  (C2)

we obtain by identifying

that the above trace equals

—Bw
1R 1332) = (1 = ) (1 = s e

—Bw
= (1 - e““")‘lexp(—ﬁ |€+|2) (C22)

since 1 Fi(1; 1; z) = exp(2).
Collecting the results in Egs. (C18), (C19), and (C22) and inserting them
into Eq. (C16), we find that

Trgle™F5(t, x)]
= ef(Q, P.o(t, \)Q)

X g (% Z oft; — x;); e_'g””‘)ﬂs (E Z oft; + x;); e—ﬁmL)
7

jel 4+ jeJ —

e b
x EL [(1 — e #oy)1 exp( =7, It x)|2)] (C23)
a
As a special case of formula (C23), we find for the empty product (n = 0)
Trg e #H = e#1[9,(0; e O [ [ (1 — e752)~1 (C24)
q¥0

According to formula (16.30.3) of Ref. 35, the Jacobi theta functions satisfy
the identity

log 3——;& * g Zi —4 2 % 1‘:‘-’;; sin2na) sin(2ng)  (C25)

Choosing « = B = /2, this leads to

log 3;’% Z; 2 % 2n 2= [sin(my)]? (C26)
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Using Egs. (C23), (C24), and (C26), we finally conclude that
logd{¥ao(t, x))) = log{Trzle*#¥.2(t, x)]/Trz(e~#M)}

e~ Blalbm

1 — e—B(ﬂ/L)n

x [sin2(n2—r Z a,-vﬁ) + sinz(nqzr Z ajvj‘)]

jeT 4 jeT ..

= logdQ, ¥.°(t, x)Q2)> + 4 i (—n)n
n=1

— > e | )P (€27)

q#0

APPENDIX D. APPLICATIONS OF THE THERMODYNAMIC
n-POINT FUNCTION

In this appendix we apply Eq. (C27) in order to calculate the momentum
distribution at finite temperature, the time-ordered, one-particle Green’s
function, the density correlation functions, the susceptibilities, and the pair
propagator.

Convention 1. We set Boltzmann’s constant kg equal to 1. Then
B=T""is the inverse temperature and {{J T, ¥I{t:, x)>> (o7, 7 = %)
denotes the thermodynamic expectation value of []f, Wei(#, x;) in the
Luttinger model, i.e.,

<<H‘F (t,,xz)>> = Tr,[e BHH‘P‘ (t“xl):l/Tr?(e_BH) (D1)

Definition 2. The thermodynamic momentum distribution, i.e., the
mean number of particles of momentum ¢ e K; at temperature f~1 is
defined by

Ag.f) = fo “ix J; Cdx e S [, ¥, ) D2)

where
I(x, x', B) = ¥ (0, )¥,7 (0, x')>> (D3)
Corollary 3.
)n e—B(n/L)n

@0
’ — -1 (—
I(x,x',B) = L CXP{4 z 7 1 — e B@ADR
n=1
. o fnT DX — x7)
X Sln f + sin ‘rx | l — e(zm‘/L)ﬂx—x')

e~ B,
X exp{ z [1 — cos p(x — x')] cosh 2Xp r‘"—_m}

x exp{ Z — [1 — cos p(x — x")](sinh )\p)z} (D4)
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Remark 4. (a)
Iz(x5 x, ﬁ) = I_,(x’, X, ‘3) (DS)
(b) For 8 — oo only the boson part of I(x, x’, B),
exp{ z [1 — cos p(x — x')](sinh )\,,)2}

p>0

coincides with the results obtained by Lieb and Mattis®® and Gutfreund
and Schick,® where the Fourier transform of I(x, x', 8 — o) is computed
explicitly. The remaining differences are due to the charge terms.

Corollary 5. Let the time-ordered, one-particle, finite-temperature
Green’s function be defined as

G™(t, x, f) = —i p KT(¥.™(t, x)¥.*(0, 0)))) (D6)
where T denotes the fermion 7T-product; then
(@ Y. (@ x)¥.7(0,0))

- L & (=) eswbm o (nm
=L 1exp[f " + 4 z e sin® 70

n=1 n

X exp[ Z {(cosh Ap)*[1 — cos(wyt — prx)]

p>0

—Bmp
+ (sinh A,)[1 — cos(w,? + prx)]} T—f—e_ﬁ—w;]

X CXP[Z L {(cosh A,)%e~H@st-pix)
>0
+ (sinh A;)%~ 4@+ 7% — J(sinh Ap)z]} (D7)

(B) G™(t,x,p) = —i > [6()KF. (1, )T, * (0, 0>
— (= )KCE (2, X)L (0, 0)D)*] (D8)

Remark 6. The free-particle, zero-temperature Green’s function G°(¢, x)
can be derived from (D6) in the thermodynamic limit L — co under con-
sideration of two boundary conditions:

(4)) G°(+0,x) — G°(—0, x) = —i 8(x) D9

(2) The analyticity property reads®®: for Re ¢ > 0, the function G°(¢)
can be continued analytically from the real axis into the right lower quadrant
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of the complex variable  (Re # > 0, Im ¢ < 0), while for Re ¢ < 0, G%¢) can
be continued analytically from the left semiaxis into the left upper quadrant
(Ret < 0,Im ¢ > 0). From this one obtains

1 1
Q, e e ——
G X) = o =TT T80 (D10)

where 8(¢) = 6sign ¢, with 8 > 0. This is in agreement with the results
obtained by other authors.(25-27-36

Corollary 7. Let the density correlation function be defined as

S3(x, 1, B) = 3 SZAx, 1, ) (D11)

with ,

S5Ax, t, B) = 0()X{jlt, x)j(0, 0)>) D12

S1:<t’(xa t: ﬁ) = 0(_ t)<<.]1(09 O)jr’(t: x)>>
then
@ SIe(x,t,p) = 0(t){r~r' ﬁ ZO | plhPhE™ 1__16_85

X [e—Ba)peia)pte—iptx + e—-icopteipt’x]

- I—% %3 95(0, e—B(n/L))} (D13)
(b) Siolx, 1, ) = 0(—0[5(1,—) e B)]* (D14)

Remark 8. SZ.(x, t, B) can be obtained either by applying the thermo-
dynamic z-point function or by inmserting j(f, x) into the definition of
S3(x, t, B), where j(t, x) is the Heisenberg operator of the free particle
current j,(v°).

Definition 9. The Fourier transform of SZ.(x,t, B) is defined as
(g€ k)

L
S3ela,1.8) = | dxe 533 1,P) (1)
0
Corollary 10. Let SZ,.(q, ¢, B, 1) for n > 0 be defined as follows:

@ So.(g,t, B, )= 0)rr ,_‘]_] 1

=, =itz ige orettoq i

+ hEohie~iog=im] (D16)
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(®) Szelg, 1, o) = 0 1yrr L e sogmo v
- q

+ hIEIR e -] (D17)
Then
S‘L%,’E'(q’ Z ﬁ) = lim S‘z%,‘t’(q: Z Ba 17)
n-+0

Remark 77. The infinitesimal % > O assures the physical boundary
conditions

tlim S7(q,t,B,m) =0, lim S$<(q,¢,8,m) =0 (D18)
-+ t= =~
Corollary 12. Let

Sy w, By m) = f dt ¢'S3 (g, 1, B )
0
(D19)

0
S5, @, By m) = f dt ¢tS=(q, 1, B, 7)

be the Fourier transform of S2.(q, ¢, B, 1); then

1 h—tqh—z’qe—ﬁwq ht:qhtg
S>, - /M - 1q'F —1q 'qlit’q
2elq, . B, m) T T = e P | w + wy + I w — wg + in

< _ il 1
S‘E,‘L'(qa w, 69 7]) = +77 27”- 1 — e_Bwq
Tq,7'a,— fw —'L‘Iq —1q
x [hmhzqe ‘.’ + hZ} qh—t 4 ] (DZO)
w—w,— 1y w+ w,— Iy

Remark 13. For B— oo our results agree with those obtained by
Dover.®® He also discussed the unphysical plasmon pole w = —w, + i.

Corollary 14. (a) The susceptibility y(z, x) without scattering across
the Fermi surface

X(t, %) = = i8(0) > <Lt 0,00, O (D21)

is given by

Xt ) = —00) 2 5 plh? — hiPsin(ent —px)  (D22)
P#0
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(b) Let x(0,9) (g€ K;) be the static susceptibility, with %(0,q) =
lim, ;.o x(w + in, g) and

+ oo L
o + in,q) = f dt f dx - 1%gi@+imity (1 ) (D23)
— o0 0

Then

1

1
x(0,9) = RS gy (D24)

holds.

Remark 15. x(0, q) was first calculated by Lieb and Mattis.®®

Corollary 16. The susceptibility xg(¢, x) with scattering across the
Fermi surface is defined as

xp(t, x) = — iKY - )Y, ~ (@, x), ¥, (0,07 _~(0,0])
(D25)

and reads

xrlt, X) = 260(2) Im(L“2 exp(—g-L”—i t)

(=) e AiDn
§ exp{4 Z ( n) 1 i g~ Bl [Sing(nfﬂ v’“) + sinz(nf77 v‘)}}
n=1

2 _
X exp{z H;—l [1 + e2o(eH@ptmr2) — 1)]}) (D26)
p#0

Corollary 17. Let the pair propagator P(z, x) be defined as

P(t, x) = — ()Y -~ (6, )V, ~ (8, x), ¥, (0,007 *(0, 0>
(D27)

Then
P(t, x) = xp(t, X)|p,o -, (D28)

Remark 18. (a) The boson parts of yp(f, x) and P(z, x) are compatible
with the results of Luther and Peschel®” if in their formalism the parameter
o is taken to be zero.

(b) The power law behavior of yz and P (see Ref. 37) cannot be verified
until the thermodynamic limit L — oo is performed.
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